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Abstract 
This research investigates the applications of a gyroscopic-like motion embedded in the attitude dynamics of a rigid-body that 
can be induced with an onboard torque wheel. The motion may be utilized by a rigid spacecraft to regain its attitude stability 
from a tumbling or a flat-spin situation to rotate about a designated principal axis, which parallels to the spin axis of the torque 
wheel. Also, the total angular momentum of the spacecraft remains conserved during the process as disturbance torques around 
the system in space are considered relatively very small and are ignored. To start the motion, the wheel is manipulated to rotate 
the spacecraft platform with reaction torque such that the projection of the total angular momentum falls in a proper quadrant 
on the plane perpendicular to the designated principal axis. Then, the projection is able to activate a self-induced, gyroscopic-
like motion, which in effect transfers angular momentum to the wheel and the platform along the designated principal axis, 
aligning the designated principal axis with the total angular momentum and reducing the nutation angle between the two to 
zero. The phenomenon can be derived from the attitude model in terms of angular momentum. The control law of the wheel 
torque is formulated with the method of feedback linearization following the results from the Lyapunov stability analysis. 
Without any direct control effort, simulation results indicate that efficient time and energy can be achieved with effective 
attitude recovery of a spacecraft to any of the principal axis compared to the existing methods, and the wheel momentum 
accumulated during the motion can be predicted after the alignment maneuver. 
© 2013 The Authors. Published by Elsevier Ltd.  
Selection and peer-review under responsibility of the National Chiao Tung University. 
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Nomenclature 
PH
*
       angular momentum vector of the spacecraft  platform (kg-m2/s) 
TH
*
 total angular momentum vector of the spacecraft (kg-m2/s) 
wh
*
 angular momentum vector of the wheel (kg-m2/s)  
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Ii  component of principal moment of inertia, i=1, 2, 3 (kg-m2) 
Iw wheel spin moment of inertia (kg-m2) 
Greek symbols 
4 nutation angle (degree) 
) precession angle (degree) 
Z*           spacecraft angular velocity vector 
1. Introduction 
For a rigid spacecraft to maintain its attitude with spin stabilization, tumbling and flat-spin are the two major 
control problems most likely to arise. The former has been treated with B-dot control method [1, 2] using the 
magnetic torquer as actuation device to detumble the spacecraft since probably the beginning of the spacecraft 
history. The latter still presents an active study topic that has continually been investigated by various researchers 
applying mainly onboard torque wheel to recover from the situation [3-11].  
The simple B-dot method, though is a very stable algorithm, has the problems of excessive control time and 
ineffective power consumption as its control torque depends on the interaction between magnetic dipole moments 
generated by the spacecraft and Earth's magnetic field. Also, because of the uncontrollable magnitude and 
direction of the magnetic field, which is very weak in space, the magnetic torque induced is small and the desired 
control effort is difficult to be fully accessed. The need for a more effective method with actuation mechanism for 
detumbling the satellites becomes evident. 
A classic example of the flat-spin problem occurred on the Explore I, the first U.S. satellite. Due to its four 
turnstile wire antennas which dissipated a small amount of kinetic energy, it changed from spinning about the 
minor principal axis to spinning about the major principal axis. Another case was the AST5 launched from Kenny 
Space Center on August 11, 1969. [3]. A number of papers reported in the past had proposed and discussed the 
strategies applying wheel torque to bring the spacecraft out from the flat-spin situation. The basic concept is only 
to reduce the nutation angle or decrease the body angular momentum through fast spinning the onboard wheel to 
absorb the angular momentum and has been proven to be not very effective. The nutation angle can only be 
reduced to some small angle but cannot be set to zero or almost zero [4-11].  
The nature of the two problems if considered on the polhode sphere is the same as they all exhibit or turn to 
conning motion as shown in the following figure.  
       
Fig. 1. TH
*
 trajectories of A, B, C, and D. 
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Fig. 2. Components of TH
*
, nutation 4and precession ) 
In Fig.1, the conning trajectories of A, B, and C represent TH
*
ġmotions in terms of spacecraft body-fixed 
coordinates. The spacecraft is tumbling without control from initial conditions given in Case A, B, and C in Table 
1. The trajectory D represents a spacecraft from flat-spin to conning about the i-axis by given a torque excitation 
with an onboard wheel. All four trajectories are run with constant TH
*
ġin the motion.  
It would be convenient and effective to detumble the spacecraft with the wheel because of the much larger 
available and reliable torque from the wheel. In this paper, a detumbling method using a torque wheel as the 
actuating device is presented. The method aligns a designated principal moment of inertia axis with the total 
angular momentum, TH
*
, bringing the tumbling spacecraft into single axis rotation. The body-fixed wheel is 
configured to have its spinning axis in parallel to that principal axis and provides a control torque inducing the 
needed gyroscopic-like motion for the alignment. 
2. Modeling of Attitude Dynamics 
In reference to Fig. 2, the model of the rotational dynamics for a rigid spacecraft with single wheel is 
formulated in the following. The center of mass of the spacecraft system including the wheel is chosen as the 
origin and the principal axes of the system are the set of platform-fixed coordinates (i, j, k). Total angular 
momentum of the spacecraft is T P wH H h 
& **
, which can be expanded to 
 1 2 3T P P P wH H i H j H h k   
&
 (1) 
where P PH I Z 
& *  is the angular momentum of the platform with IP=dia[I1, I2, I3] being the diagonal moment of 
inertia matrix including transverse moments of inertia of the wheel and 1 2 3i j kZ Z Z Z  
*
 being the platform 
angular velocity. Assuming that the spin axis of the wheel is parallel to the body k-axis and its angular momentum 
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is  3w wh I kZ :
*
 with 
wI  being the wheel axial moment of inertia and : eing the wheel speed relative to the 
spacecraft.  
Consider that TH
*
 is conserved as environmental disturbance torques are relatively very small and its time 
derivative is 
0T T T
d H H H
dt
Z  u  
& &* * (2) 
which can be expressed in component form as [12] 
2
1 23 2 3
2
P
P P P w
HH H H h
I
 '  (3)
1
2 31 3 1
1
P
P P P w
HH H H h
I
 '   (4)
3 1 2 1 2P P P wH H H h '    (5)
where  2 3
23
2 3
I I
I I
'  , 3 131
3 1
I I
I I
'  , and 1 212
1 2
I I
I I
'  . 
The magnitude of TH
*
 can be obtained from Eq. (1) with 
 22 2 21 2 3T P P P wH H H H h     (6)
where T TH H 
*
 is a positive constant. Defined by the same fixed coordinates (i, j, k), TH  represents the radius 
of a sphere with the origin at the center of mass and the components of TH
*
 are shown in Fig. 2. 
The components in terms of platform-fixed coordinates are expressed as 
1 sin cosP TH H 4 )  (7) 
2 sin sinP TH H 4 )  (8) 
3 cosP w TH h H  4  (9) 
where 4is the nutation angle between k-axis and TH
*
 and )is the precession angle between the i-axis and the 
projection of TH
*
 on the i-j plane. 
3. Description of Gyroscopic-Like Motion 
As investigated in this research, the problems of detumbling or flat-spin recovery of a rigid spacecraft can be 
resolved by transferring angular momentum to a designated principal axis and aligning it with TH
*
. The alignment 
is achieved by inducing the self-activated gyroscopic-like motion with an onboard torque wheel. The concept and 
the formulation of the control method are derived in the following. 
Consider the Lyapunov function of the form 
   2 2 21 3 1 21 12 2T P w P PV H H h H H      (10)
where V1 is greater or equal to zero, and V1=0 when the condition H3P+hw =HT is reached. The time derivative of 
V1 is 
  1 3 3 1 1 2 2P w T P w P P P PV H h H H h H H H H           (11)
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Substituting Eq. (3-5) into Eq. (11) obtains 
1 12 1 2T P PV H H H '  (12)
For HT>0, it indicates in Eq. (12) that maintaining 1 0V   requires 12 1 2 0P PH H'  , which also increases the term 
H3P + hw as shown in Eq. (5). The equality HT =H3P + hw shall finally be reached with H1P=0, H2P=0, and V1=0. 
From Fig. 2, two conditions are possible for 
1 0V  : 
(a) if ¨12> 0, it requires 0o< ĭ < 90o or 180 o < ĭ < 270 o to obtain H1PH2P> 0; 
(b) if ¨12< 0, it requires 90o< ĭ < 180o or 270 o < ĭ < 360 o to obtain H1PH2P< 0. 
The conditions are not applicable when ¨12= 0 for the satellite is axisymmetric. 
The motion associated with the conditions can be induced by formulating the wheel torque control law 
described in the following. Differentiating Eqs. (7-9) and substituting the results into Eqs. (3-5), one finds 
12 sin cos sinTH4  ' 4 ) )  (13)
 231 12
3
sin cos
.
w
T
hH
I
)  '  ' ) 4   (14)
Taking time derivative of 
.
)  in Eq. (14) gives 
  2 2 212 31 32
3 3
1sin 2 cos sin 1 cos cos
2
..
w w
T T
h hH H
I I
ºª)  ' ) ' )  ' )  4  4 »«¬ ¼
 . (15)
Let the wheel torque formulated from the method of feedback linearization be 3
.
( )
.
wh I D  ) * , where D is a 
positive constant gain to be determined and   2 2 212 31 32
3
1sin 2 cos sin 1 cos cos
2
w
T T
hH H
I
ºª*  ' ) ' )' )  4  4»«¬ ¼
. 
The equation for the precession angle ) becomes 0.D) )     
Manipulating the wheel can bring the precession angle, ), to fall in the proper quadrant on the ij plane that 
satisfies the converging condition 
1 0V  and activates the gyroscopic-like motion aligning k-axis with TH
*
. When 
the alignment is achieved, H1P and H2P are transferred to H3P and hw. It can also be verified by multiplying H1P to 
Eq. (3) and H2P to Eq. (4), summing up both equations, and integrating the results to obtain  
   22 21 2 3 ,P P P wH H H h c      (16)
where c is an integration constant. It shows in Eq. (16) that the increase of  23P wH h  decreases ( 2 21 2P PH H ).  
If ¨12>0 and l  vector is in the first quadrant on i-j plane as shown in Fig. 2, the k-axis will rotate about m
vector until it aligns with TH
*
. Also, at the end of alignment process, hw can be conveniently estimated from Eq. 
(14) when Ĭ = 0 and 0)   : 
 23 31 12 sinw Th I H  '  ' )  (17) 
4. Simulation Results and Discussions 
Three tumbling cases A, B, and C are considered for the simulation. In each case, following the formulation 
in the previous section, the spacecraft is detumbled to spin about the major, the intermediate, or the minor 
principal axis, respectively, with the wheel along the k-axis, the designated principal axis. Also, IP is different for 
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each case and they are: in Case A: [6.97, 4.61, 8.19], in Case B: [4.61, 8.19, 6.97], and in Case C: [8.19, 6.97, 4.61] 
(kg-m2). The initial conditions are the same for three cases with TH
*
=[-8.93, 15.47, 4.79]T N.m.s, 4=75°, )=120°. 
Also, the conditions for the wheel are hw=0, Iw=0.588 kg-m2, and the bounds on the wheel torque are f0.2 N.m.  
The simulation is terminated when the condition |4_<0.001e  is met and the total control energy is 
approximated by Ec =  30
ft t
wt
h tZ 
 
: '¦   with t' =0.01 sec. Simulation results are summarized in Table 2 and the 
trajectories from the simulation are plotted in Figs. 3, 4, and 5. 
Table 1. Simulation results 
Case A B C 
D 0.5 1.7 1.2 
Ts (sec) 143.2 26.07 451.1 
Ec (Watt-sec) 1254. 11.31 638.7 
)s (deg) 57.05 123.5 184.4 
 
 
Case A 
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Case B 
 
Case C 
Fig. 3. Detumbling trajectories of 
TH
*  in terms of (i, j, k) for Cases A, B, and C. 
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Fig. 4. Trajectories of4 and )for Cases A, B, and C
 
Fig. 5. Wheel angular momentum and torque for Cases A, B, and C. 
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(a) In all three cases, 4goes to almost 0o and H2P and H1P are in the order of 10-4 at the end of the simulation. 
Because '12>0 in Case A and C, ) stops in the first and the third quadrant, respectively; while '12<0 in Case 
B, )stops in the second quadrant as indicated in Table 1 and Fig.4.  
(b) Also, '12 is the largest in Case B compared to the other two cases and may cause its alignment much quickly 
to complete and settling time and total control energy to be the smallest among the three cases as listed in 
Table 1. 
(c) The trajectories of TH
*
, )and wh  in Fig. 3 to 5, respectively, for the three cases indicate that wh  tries to 
hold the angle ) to the aligning quadrant in each back and forth movements of ) between aligning and 
adjacent quadrants, which motion eventually lifts TH
*
 to meet k-axis.  
(d) Because of the relatively large angular velocity component 2Z , fast conning motion about the j-axis in Case 
A and C and inadequate torque to hold angle )to the aligning quadrant cause much oscillations in the 
alignment process as shown in Fig. 4. Yet, angle )still moves to the aligning quadrant and gradually reduces 
angle 4to zero. 
5. Conclusions 
An effective control method is presented in this research that can efficiently recover the spacecraft from a 
tumbling situation to rotating about any of the principal moment of inertia axis. Derived from the Lyapunov 
stability analysis with defined function, the proposed control uses small wheel torque to maneuver the spacecraft 
into single axis rotation by inducing a self-activated gyroscopic-like motion.  
The motion generated by placing the spacecraft precession angle ) to a proper position automatically starts 
the momentum transfer, aligns the designated body axis to TH
*
, and brings the nutation angle 4 to zero. 
Detumbling trajectories in three cases can be conveniently studied for the motion of TH
*
 in terms of platform-
fixed coordinates (i, j, k) when they are plotted on the polhode sphere. 
Cases study also indicate that much fast process and large control energy savings can be achieved by 
detumbling the spacecraft to rotate about the intermediate principal axis with only small amount of angular 
momentum being transferred to the wheel. 
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